R ¥him ¥k
114-2 21 DR AB Mg 2% ! il

KB fTE zo WA DUKEE f(zo) + f/(0)(z — o). HELRE, BRMATA—-KFER L(z) = f(z,) +
f(xo)(z — xo) ZRAKFHE zo MEARTHBUE f(2). —BTE, HMATH n REBAEREMRMEET f(2): KE
EHABE FHZLER (Taylor polynomial).,

Definition 1 If a function f can be differentiated n times at ¢, the nth Taylor polynomial for f at ¢ is

Pn(x) :f(c)+f’(c)(x—c)+@(x_C)Q"F""" f(Z'(C)

- Note that P,(c) = f(c) and P (c) = f®(c) for k=1,2,--- ,n

(x —c)". (1)

- When ¢ = 0, the Taylor polynomial is also called the Maclaurin polynomial; that is, the nth

Maclaurin polynomial for f is

;§QQ%~+—E—$- (2)

F(x) = £(0) + f(0)x +

Example 1: Find the 6th Taylor polynomials at g for (a) sinz  (b) cosz.

1 1 1
Solution: (a) Ps(x) =1 — §(x — g)f + ﬂ(x _ g)4 - o 7r

(b) Pole) = ~(z = 5) 20— 1) —

Example 2: Find the nth Taylor polynomial for 1/z at 1.
Solution: P,(z)=1—(z—1)+(z—1)* = (z = 1>+ + (=1)"(z — 1)

1
1—=x

Example 3: Find the 7th Maclaurin polynomials for f(x) = (a) cosz (b) (c) e®.

Solution: (a) Pr(z) =1— "+~ " (b) P(z)=1+a+2> +2° +2* +2° +2° +2".

3 ZL’4 1.5 ZL’6 (L‘7

X
(C) P7( )_1+x+§+§+5+5 +E+F

Definition 2 If ag, a1, a9, ... are constants and x is a variable, then a series of the form
Yo pan(r =) =ag+ar(x —c)+as(x— )’ + - Fay(x —c)" + -
is called a power series (FARE) in z.
Definition 3 If (™ (c) exists for all n = 1,2,3, -, the Taylor series® (ZEEIHE) of f(z) at c is

()

5 (x—c)?+-+

fle)+ o) —c) +

When ¢ = 0, the Taylor series is also called the Maclaurin series.

LASCHE R FEBCR BT #k 4 BE 18+ (yujaulinQceycu.edu.tw) TR, BE THMHES B B 3 BOHEMR/ ST —2E25041 .
mEs iR B R EEF 2 EEEIE (Calculus, 4th edition by Smith and Minton) §9.7~ §9.8.
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AR B power series F—7#, FEHZIEA P, T:TE%%%EJ%&%ZE’J mi n TERYFD,

o 22 ot
E TGO %x =l+ao+2?+2° 4+, %(—1) ! =l-g+g—
1
Example 4: Express as a power series if —1 <z < 1.
1 —|—x2
Solution: Using the fact — = Z _o 2", we have
1 oo
T — (—:L‘2>n _ Z(_1>nx2n -1 —x2+x4—x6+x8—x10—|—~-
n=0 n=0

Binomial Series (ZIHAMHEL) If £ is a real number and —1 < z < 1, then

- —1 —1)(k—2
(1+x)k22(i)m":1+k‘x+k(l€2l )w2+k(k ;'(k )903+---.
— ! !

Bk B—FEE, “EREASEERR (binomial expansion), Bl

k
. k ‘ k! .

n=0
. . . . 1 1
Example 5: Find the binomial series for (a) (b) :
(1+x) 1+
Solution: (a) 1 — 2z + 32® — 42® + 52* — ... = Z(—l)”(n + 1)a",
1 3, 5 . (2n—1)
b)1— -+ -2?— =1 m,
(b) 1= gr g~ 3" +Z 2”n! !

Theorem Some important Taylor (Maclaurin) serlesg.

1_ =+ = 0" =l+az+2*+2° 4+, if —-l<zx<l1
1
1T =Y (=) =l-—z+a® -2+, if —1<z<l1
x
- 2 B
e = Dm0t =1l+a+ gt gt xR
2 3
—x o oo (—z)" . 37__1'_
€ _Zn:O n! =1 ZL'—|—2| 3'+ z€eR
3 5 7
. (—1)ng2ntt o i T i
sinz _ZHOW _I_§+§_ﬁ+”" reR
2 4 6
_yeo (hre g v
Cos =>" oDl =1 2!—|—4! 6!+ , re€R
0o (=1)nlgn z? z® zt .
In(l1+xz) =37 ——— :x—?—i-?—z—i----, if —1<z<1
3 5 7
—1 o 00 (_1)nx2n+1 i x Xz Xz .
tan ' (z) =X g —r- gt oot —l<e<l

1
Example 6: (a) Evaluate / ¢~ dz as an infinite series.  (b) Approximate / e dr.
0

2 4 6 3 5
Solution: (a)/e‘$2dx:/<1—x_+$__z_+ -)dx:C’+x— x + r =z

1 1 1 1
()/0 =Tt 0T 2 T 96
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