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Definition 1 If a function f can be differentiated n times at ¢, the nth Taylor polynomial for f at c is

[ £ (e)

21 n!

- Note that P,(c) = f(c) and Pék)(c) = f®(c) for k=1,2,--- ,n.

Fu(z) = fle) + f(c)(w — o) + (=) +-+ (x =) (1)

- When ¢ = 0, the Taylor polynomial is also called the Maclaurin polynomial; that is, the nth

Maclaurin polynomial for f is

™)

&2 x". (2)

o T

F(x) = f(0) + f(0)x +

Example 1: Find the 6th Taylor polynomials at g for (a) sinz (b) cosz.

Solution: (a) Ps(z) =1 — %(x — g)Q + i(z _ g)4 _ %(m _ g)ﬁ7
(b) Pela) = (o = )+ 50 = ) = 1o = 3P

Example 2: Find the nth Taylor polynomial for 1/z at 1.
Solution: P,(z)=1—(z— 1)+ (z—1?—(z =1+ + (=1)"(z — D)™
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Example 3: Find the 6th Maclaurin polynomials for f(z) = (a) cosz (b)

(c) e®.

2 4 6

—%—i—%—%. () Ps(z) =1+ 2+ 2 + 2% + 2* +2° + 28
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Solution: (a) Ps(z) =1

Definition 2 If ag, a1, as, ... are constants and x is a variable, then a series of the form
S s ant™ =apg+ar(x —c) +ax(x — )P+ +ap(r —c)"+ -
is called a power series (% .%¥c) in x.
Definition 3 If (™ (c) exists for all n = 1,2,3, -, the Taylor series' (i]*x ¥ gk of f(x) at cis

()

2

fle)+ flle)(x—e) + (T —c)2 4+

- When ¢ = 0, the Taylor series is also called the Maclaurin series.
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Example 4: Express T as a power series if —1 <z < 1.

)
Solution: Using the fact = = >~ 2", we have
1 (o) o0
e _ (_x2>n _ Z(_1>nx2n -1 —513'2—|—(IJ4—.Z'6—|—$8—$10+'“
n=0 n=0

Binomial Series (= 78 ;% & #k) If k is a real number and —1 < = < 1, then

> -1 —1)(k—2
Hraf=3 @ e ME e BECDE D)
g [ !

%ok h- & Efco - ¥ i 2 % E B¢ (binomial expansion) »
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k: Tl, ;ﬁ_ \:; = = — ) v o7 3 ': o
(1+ ) E (n)x H (n) C, mT T & 0l=1

n=0
Example 5: Find the binomial series for (a) ———  (b) ——
xample 5: Find the binomial series for (a) ——— .
P (1+x)? 1+x
Solution: (a) 1 — 2z + 32® —42® +52* — .- =) (=1)"(n + 1)2",
n=0
13 = 1-3-5---(2n—1)
1 - 2 <.3 — 1 1 n n
(b) 5T+ gt~ pt T + Z( ) S T
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In(1 + x) :Zfﬂ% :x—%qL%—%—I—---, if —1<z<l1
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- (71)"x2”+1 o T X xZ .
arctan(z) =327 g =r- ot oot if —1<z<1
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Example 6: (a) Evaluate / ¢~ dz as an infinite series.  (b) Approximate / e du.
0

. a2 2?2 xt af 23 Z° x
Solution: (a)/e dxz/(l—ﬁ+§—§+ )dx:C+x—3‘1!+5.2!—7. ‘
! 1 1 1 1
b e dr =1 — =4+ — — — 4+ —— — ... a 0.7475.
(b) /ﬁ ! 3710 127 216
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