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Definition 1 If a function f can be differentiated n times at ¢, the nth Taylor polynomial for f at c is

i
Pua) = f(O) + F()a o) + D — oy o1 LDy o 0

2! n!
- Note that P,(c) = f(c) and P,(Lk)(c) = f®(c) for k=1,2,--- ,n
- When ¢ = 0, the Taylor polynomial is also called the Maclaurin polynomial; that is, the nth

Maclaurin polynomial for f is

(0 "(0
P.(z) = f(0) + f'(0)z + %xz +--+ / ﬂl( Jx". (2)
Example 1: Find the 6th Taylor polynomials at T for (a) sinz  (b) cosz.
1 s 1 T 1 ™
Son P B Ry B LY S S SRR
Solution: (a) Ps(x) =1 2(m 2)1 + 7 (x 2)1 o (z 2) :
T T T
P — . . 0N _ NG
(0) Po(@) =~z ~ D)+ 5o = 3 ~ = (o~ 0)
Example 2: Find the nth Taylor polynomial for 1/z at 1.
Solution: Py(z)=1-(z -1+ (z-1)2 - (z-1)3+---+ (-D)™(z - 1)™
1
Example 3: Find the 6th Maclaurin polynomials for f(z) = (a) cosz (b) o (c) €.
. z? oz af 2, .3, 4 5 6
Solution: (a) Py(z) =1— E—I—E 8 (b) Ps(z) =1+ 42" +az° + 2" +2° + 2"
2 ¥ 2t b g8
(c) Ps(z )—1+x+—+§+—+§+a
Definition 2 If ag, a;, ag, ... arc constants and x is a variable, then a series of the form

Yo (=) =agtai(z —c)+as(z—c)* +- +afr—c)"+---
is called a power series (B#ARE) in x-c .
Definition 3 If f(™(c) cxists for all n = 1,2,3, - - -, the Taylor series® (RENARE) of f(z) at c is

£(0) A C)

21 7!

fl@)+ fe)@—co)+ (@—c)*+- (=) +-- (3)

- When ¢ = 0, the Taylor series is also called the Maclaurin series.
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2n 2 4

n % i & x_ — &g o
BRBHEIF ;x =l+z+22+2* 4., HZ:O(—I)M—I -|-4'
1
Example 4: Express —— as a power series if —1 < 2 < 1.
14z

Solution: Using the fact - =Y ">° 'z, we have

1 oo o0

o _ (_x2)n _ Z(_l)nl_?n _ il —$2+LE4*LL‘6—|—.’L‘8—LE1O+---
n=0 n=0

Binomial Series (ZIATUAREK) If £ is a real number and —1 < z < 1, then

(1 —I—.Z‘)k _ ij:o (z)xn _ 1+l€l‘—|— k'(k'2!— 1)x2_+_ k(f\- = ;)[(k—2)$3+_'_ ) (4)

B kA EEY - TIRREENS "EERMI (binomial expansion) » Bl

k
k k k k!
1+xz)k= n, H =C,=———— BE& 0!=1c° 5
(1+2) Z%Q}” H¢Q) Aol SR ©)
Example 5: Find the binomial scrics for (a) ———  (b)
ample 5: Fin » binomial scries for (a
xamp ¢ binomial scries fo (l—l-x)
Solution: (a) 1 — 2z + 3z* — 42% + 5z — .. -Z
1 3, 5_ (20— 1)
b)l—zz+4+ 22— — =1 i
(b) 1 =57 +37 ~ 16" +Z g !
Theorem Somc important Taylor (Maclaurin) S(‘,I‘I(ESS.
1
g =My = =l+z+z*+2% 4+, if -l<z<l
—all
1
T =Y, (-D)z" =l-z+a® -2+, if -1l<z<l1
= e
e” => 0y —1+x+—+§+ z €R
. _g)n w28
e :ZZOZO(:!) —1—x+§—§+ z€R
3 5 7
i R Sy = = SRS N S A
smzx *Zn:O (2n-+1)! =L 3|+5| 7|+ ! reR
2 1 6
o8 _ chrazn g T T T
CoS T = e =1 51 —I-4! 6!+ . zeR
2 3 4
In(l+1) =y, 0t :m—%+%—%+---, if ~1<z<1
3 5 7
=3l B oo (1) p2rtl o xr T X .
tan (.’L‘) _ZTLZOW —I—g‘i‘g“?‘l—, if —IS.'L'SI

I
Example 6: (a) Evaluate / e *" dz as an infinite serics.  (b) Approximate / e da.
0
3 5 7

2 4 6
Solution: (a)/e‘mzdx:/(l—x—.+m——x—‘+ ) dx:C+x—3%l!+5x.2!—73.:3!4—---.

i 1 1 1 1
ey =14 — — — 4+ — .. 074
(b)/0 T TR 0.7475.
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