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Definition 1 If a function f can be differentiated n times at ¢, the nth Taylor polynomial for f at ¢ is

g () (¢
P.(z) = f(c)+ f'(c)(z — ) + f2—('c)(x —c)*+--- 4+ / -n.!( )(ac —o)"™. (1)

- Note that P,(c) = f(c) and P,Sk)(c) = f®(e) for k=1,2,--- ,n.
- When ¢ = 0, the Taylor polynomial is also called the Maclaurin polynomial; that is, the nth

Maclaurin polynomial for f is

" 0 (n) 0
Pn(w):f(0)+f’(0)x+f2(' ):v2+---+f n'( )x" (2)
Example 1: Find the 6th Taylor polynomials at g for (a) sinz (b) cosz.
T 1 T 1 T
lution: (a) Ps(z) =1—=(z — =)+ =(z - =)' - ===(z — 5)°
Solution: (a) Ps(z) (z 2) +24( 2)1 720( 2) :
s m m
b) Ps(z) = —(z — D)4+ 2(z — TP — = (g — L)
(8) Pole) =~ — T) 4 Sa— 2~ oz — )
Example 2: Find the nth Taylor polynomial for 1/x at 1.
Solution: P,(z)=1—(z— 1)+ (z—12 = (z - 13+ -+ (-1)"(z — )™
1
Example 3: Find the 6th Maclaurin polynomials for f(z) = (a) cosz (b) (c) .
-
R R

Solution: (a) Ps(z) =1— Br + TR TR () Ps(z) =1+ z+ 2> +2° + 2* + 2° + 25
2
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(C)Pﬁ('r)zl"‘i"f‘g—f—ﬁ—i‘ﬁ‘f‘ﬁ'i-a.

Definition 2 If ag, aq, as, ... are constants and z is a variable, then a series of the form
Yoz —c)"=atai(z—c)ta(z—c)?+--+an(x—c)"+---
is called a power series (BfRE) in x~c .
Definition 3 If f(®)(c) exists for all n =1,2,3, - - -, the Taylor series’ (FRENARIEK) of f(z) at ¢ is
f'(e) F™(e)

2! n!

fle) + fle)(z —c) + (z—c)?+-+ (z—c"+-- (3)

- When ¢ = 0, the Taylor scries is also called the Maclaurin series.
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LEEAREE Y power series FI—7& @ RENZIET P, A1t ASRMBRBAIAT » A o
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BRI F E " =1+z+a’+z3+--, E (_1)W:1_E+I_...o

n=0 n=0

Example 4: Express as a power series if —1 < x < 1.

1+ 72

Solution: Using the fact -~ = >">° 2", we have

1 00 00
e _ (—x2)":Z(—1)"x2":1—x2+x4—x6+x8—m10+---.
T
n=0 n=0

Binomial Series (ZIETVERE) If £ is a real number and -1 < z < 1, then

(1+x) = i (z)x" =1+4+kz+ k(km_ l)x2 + s ]3)!(k - 2)m3 + e

n=0

B k AH—EEY > ZIEAMEIAZIERERMI (binomial cxpansion) > Bl

A A k v k! -
(1+x) :Z(n)x ) HEP(T)—CH_F’ BE#® 0l=1¢°

- — !
~ k —mn)!
E le 5: Find the bi ial scrics for (a) ! (b) !
xample 5: Find the binomial scrics for (a .
? (+2? ' Vits
Solution: (a) 1 — 2z + 32% — 42% + 5z — ... = Z(—l)"(n + 1)z",
n=0
1 3 5 = 1-3-5---(2n—1)
b)1l-—- Zp? o g3 o=1 -1)" "
(b) 1 = 5o+ ga® = a® + +n§::1( ) - z
Theorem Some important Taylor (Maclaurin) scries®.
1
1 =30, =14+ +23+-.-, if -l<a<l1
—F
1
o =32 ()" =l-z+4+2>-2*+---, if -1l<z<l
n 2 J;3
ez — ‘?:U% :1-}—1}—}-5—*—?"‘, Z'ER
2 3
R I R L T
€ - n=0 n! =l-z+ 91 3! + ' reR
3 5 7
. oo (_I)ILI'A"-#I o - .:L‘_ .’E_ N .’E_ .
sinz n=0 @nfil - — L il + 5T +oeey z€R
2 4 6
08 _yee (Shrat oy T T T
cosx = 2an=0"@n)" =1 5 + TR 4 ey reR
0o (71)7171 n :1:2 :CS .’L‘4
3 5 7
_ _1)yrg2n+l T X x s
tan~'(x) :Z;.LOZO(—(Q)n-F—l) :x—g-l—g—?-l-'“, it —1<z<1

1
Example 6: (a) Evaluate / e dz as an infinite serics. (b) Approximate / e dz.
0

5 7

2 4 6 3
Solution: (a)/e_’”zdx:/<l—x—+x——x—+--->dac:C—l-m— A A S

o2 3 3.1 5.2 7.3

! 1 1 1 1
b P =1— -4+ — — — 4+ — — ... 5 0.7475.
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